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Abstrat
Staggered fermions with smeared links an have greatly improved hiral properties. In a
reent paper we introdued a simple and eetive method to simulate four avors of
staggered smeared link fermions. In this work we extend the four avor method to two
avors. We dene the two avor ation by the square root of the four avor fermioni
determinant and show that by using a polynomial approximation the two avor ation an
be evaluated with the neessary auray. We test this method by studying the nite
temperature phase struture with hyperubi smeared (HYP) link staggered ation on
Nt = 4 temporal latties.
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I. INTRODUCTION
In a series of reent papers we introdued the hyperubi bloked (HYP) ation where the
gauge links that onnet the fermions are smeared with an optimized loal blok transfor-
mation, the hyperubi bloking [1℄. We showed that even one level of hyperubi bloking
improves the avor symmetry of staggered fermions by an order of magnitude but it distorts
the loal properties of the ongurations only minimally. The stati potential alulated
with HYP bloked links, for example, is indistinguishable from the thin link one at distanes
r/a ≥ 2. We proposed a simple but eetive method to simulate four-avor dynamial stag-
gered ations with smeared links and presented the rst results on the nite temperature
phase struture with HYP ation in Ref. [2℄.
Our thermodynami results with the HYP ation are very dierent from the well known
results obtained with thin link four avor staggered fermions but onsistent with the pre-
ditions of the instanton liquid model [3℄. The thin link ation shows a pronouned rst
order phase transition on Nt = 4 temporal latties. Two state signals have been observed
also on Nt = 6 and 8 latties though the disontinuity weakens as the temporal lattie size
inreases. The ritial temperature is estimated to be Tc ≃ 150 − 170MeV [4℄. In ontrast
to that with the the HYP ation we did not nd any sign of a rst order phase transition
neither on Nt = 4 nor on Nt = 6 temporal latties even with very light quarks. The quark
mass dependene of the hiral ondensate suggests that if a phase transition ours at all
in the hiral massless limit it is at a muh lower temperature value than the above quoted
Tc and simulations would require larger values of Nt even with the HYP ation. We argued
that the dierene is due to the improved avor symmetry of the HYP ation and suggested
that the thin link phase transition with Nt = 4− 8 is not muh more than a lattie artifat.
The simulation method for smeared ations presented and used in Ref. [2℄ works with any
fermioni formulation but requires the (stohasti) evaluation of the fermioni ation. That
an be done straightforwardly for four avors of staggered or two avors of Wilson/lover
fermions but requires further onsiderations for one or two avors of staggered fermions. In
this work we approximate the two avor staggered fermion determinant with the square root
of the four avor fermioni determinant and evaluate the square root by using a polynomial
approximation. Beause the fermions ouple to the smooth HYP fat links even a low order
(32-64) polynomial is suient to evaluate the fermioni ation aurately. We use this
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simulation tehnique in a preliminary study of the nite temperature phase struture of the
two avor staggered HYP fermions on latties with Nt = 4 temporal extension.
Before desribing our method to simulate the two-avor HYP ation we would like to
mention an issue general to any two and 2+1 avor simulations based on staggered fermions.
The partition funtion of a dynamial system with nf number of fermion avors is
Znf =
∫
DUDψ¯Dψ e−SG(U)−
∑nf
i=1 ψ¯
iΩ(V,m)ψi
(1)
=
∫
DU det(Ωnf (V,m)) e−SG(U) (2)
where SG(U) is the gauge ation depending on the thin gauge links Ui,µ and Ω(V,m) is the
fermion matrix for one fermioni avor depending on the smeared links V and quark mass
m. The dependene of the smeared links on the thin links is arbitrary but deterministi.
For nf = 4 avors of staggered fermions the fermioni matrix is
Ω4(V,m) =M †M
where
M(V,m)i,j = 2mδi,j +
∑
µ
ηi,µ(Vi,µδi,j−µ̂ − V
†
i−µ̂,µ
δi,j+µ̂) . (3)
Here ηi,µ are the usual staggered fermion phases and M
†M is dened on even or odd sites
only. The naive generalization for arbitrary avors suggests the fermioni matrix
Ωnf (V,m) = (M †M)nf/4 (4)
and the partition funtion
Znf =
∫
DU det((M †M)nf /4) e−SG(U) (5)
=
∫
DUDψ¯Dψe−SG(U)−
∑nf
i=1 ψ¯
i(M†M)1/4ψi . (6)
While eq. (5) is formally well dened, its physial meaning is less obvious for nf that is
not the multiple of 4. Even if M †M desribed four degenerate avors, its frational power
is a non-loal quantity and the ation in eq. (6) is non-loal. To make the matter even
worse, the staggered fermion ation does not desribe four degenerate avors. It has only
a remnant U(1) avor symmetry and only one Goldstone pion. The symmetry struture of
the frational power of the staggered fermion matrix is not at all lear. Nevertheless ations
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like the one desribed in eqs. (5-6) have been used extensively to study two and 2+1 avor
systems. One might argue that in the ontinuum limit there must exist a loal ation that
desribes a single fermion speies and the fourth power of this ation should agree with
the four avor staggered ation. In that ase the 1/4th power of the staggered fermion
matrix an be onsidered as a non-loal approximation to the well dened one-avor ation.
Perturbation theory supports this argument [5℄. At nite lattie spaing non-perturbative
lattie eets an destroy this approximate agreement and simulations with nf staggered
avors annot be onsidered as true nf avor simulations. How an one test if and to what
auray eq. (5-6) desribe nf degenerate dynamial speies? There are two sides of this
question. First, even with nf = 4 when the lattie fermion ation is loal, we have to ask if
avor symmetry is suiently restored so the staggered ation an be onsidered to desribe
four degenerate avors. Seond we have to onsider when it is a good approximation to
take a frational power of the determinant to desribe nf = 1 or 2 avors. One does not
expet the nf 6= 4 simulations to be orret when the orresponding nf = 4 simulations are
not, but there is no guarantee that lattie artifats do not inrease signiantly when the
frational power of the determinant is taken.
The properties of the vauum give the leanest signal to answer both questions. For
example the topologial suseptibility at nite, small quark mass is inversely proportional
the the fermion number and the proportionality onstant is predited by hiral perturbation
theory. Presently available data suggests that with thin link staggered fermions the lattie
has to be fairly smooth, a < 0.1fm to desribe two avors of degenerate fermions. On latties
with a ≈ 0.17fm both the two and four avor simulations fail at reproduing the orret
hiral behavior. With the HYP ation already at a ≈ 0.17fm the topologial suseptibility
is lose to its hiral value, at least with four avors [6℄.
We will not be onerned with the above outlined theoretial problem onerning two
avor staggered fermions in this paper. We onsider the ation eqs. (5-6) and desribe
an eetive and simple method to simulate it. Whether this ation desribes the orret
number of avors has to be investigated for dierent ations at dierent lattie spaings
independently.
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II. SIMULATING TWO FLAVORS OF STAGGERED FERMIONS
In Ref. [2℄ we simulated ations of the form of eq. (2) using a two step algorithm. First
a subset of the thin links are updated using an over relaxation or heat bath updating based
on the pure gauge ation SG(U). The fermioni determinant is not invariant under suh an
update and the proposed hange is aepted only with probability
Pacc(V
′, V ) = min {1, exp[−SF (V
′) + SF (V )]} , (7)
where V ′ denotes the new fat link onguration and SF (V ) = −tr ln(Ω
nf )) is the fermioni
ation. If a given sequene of thin link updates is generated with the same probability as
the reverse sequene this proedure satises the detailed balane ondition. The fermioni
ation an be evaluated using a stohasti estimator if the fermioni matrix has the form
Ωnf = Q†(V )Q(V ) . (8)
In that ase the aeptane probability eq. (7) an be approximated stohastially as
P ′acc(V
′, V ) = min
{
1, exp
{
ξ†
[
Q†(V ′)Q(V ′)−Q†(V )Q(V )
]
ξ
}}
, (9)
where the vetor ξ is generated aording to the probability distribution
P (ξ) ∝ exp
{
−ξ†Q†(V ′)Q(V ′)ξ
}
. (10)
For nf = 4 avors of staggered fermions the algorithm is straightforward. With the sub-
stitution Q = M, where M is the matrix dened in eq. (3), the vetor ξ an be written
as
ξ =M−1R ,
where R is a Gaussian random vetor and the ation dierene is easily evaluated as
−SF (V
′) + SF (V ) = ξ
†
[
M †(V ′)M(V ′)−M †(V )M(V )
]
ξ .
In order to simulate nf = 1 or 2 avors we have to write Ω
nf = (M †M)nf/4 in the form
of eq. (8). That an be done using a polynomial approximation for frational powers. In
ase of nf = 2 we need
x1/2 = P1/2(x) = limn→∞P
(n)
1/2(x) (11)
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or
x1/2 = xP−1/2(x) = x limn→∞P
(n)
−1/2(x) , (12)
where P
(n)
±1/2(x) =
∑n
i=0 c
(n)
i x
i
is an nth order polynomial approximation of the funtion
x±1/2. The form of eq. (12) is more onvenient to use as the polynomial P
(n)
−1/2(x) an be
hosen suh that it has only omplex roots if n is even and an be written as
P
(n)
−1/2(x) = c
(n)
n
n/2∏
i=1
(x− r
(n)
i )(x− r
∗(n)
i ) = q
(n)
−1/2(x)q
†(n)
−1/2(x) ,
where r
(n)
i denotes the ith omplex root with positive imaginary part and
q
(n)
−1/2(x) =
√
c
(n)
n
n/2∏
i=1
(x− r
(n)
i ) . (13)
With this notation the fermion matrix for nf = 2 staggered fermion avors is
Ω2 = (M †M)1/2 =M †M P−1/2(M
†M)
= limn→∞q
†(n)
−1/2(M
†M)M †M q
(n)
−1/2(M
†M) ,
where we have used the fat that q
(n)
−1/2(M
†M) ommutes with M †M . Identifying
Q = limn→∞M q
(n)
−1/2(M
†M) (14)
in eq. (8) allows us to simulate the two avor staggered ation. The vetor ξ of eq. (10)
an be generated as
ξ = limn→∞q
†(n)
−1/2(M
′†M ′)R , (15)
where R is a Gaussian random vetor and the ation dierene in eq. (9) an be alulated
as
∆S = −SF (V
′) + SF (V )
= limn→∞ξ
†
[
P
(n)
−1/2(M
′†M ′)M ′†M ′ − P
(n)
−1/2(M
†M)M †M
]
ξ (16)
III. IMPLEMENTATION OF THE POLYNOMIAL APPROXIMATION
We followed the method outlined in Ref. [7℄ to onstrut the polynomial approximation
for the funtion xα in the form P (n)α (x) =
∑n
i=0 c
(n)
i x
i. To nd the oeients c
(n)
i we minimize
the integral
I =
∫ λ
0
dx (xα − P (n)(x))2xω.
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The term xω regularizes the x ≈ 0 behavior of the integral and has to be hosen suh that
2α + ω ≥ 0. With the limits of the integral set to 0 and λ the resulting polynomial will
approximate xα in the (0,λ) interval. The minimization ondition of the integral I leads to
n + 1 linear equations that an be solved analytially. We used Mathematia to determine
the oeients c
(n)
i for α = −1/2 at several ω values for polynomials of order n = 32− 256.
The roots of the polynomials an also be determined using Mathematia. The roots r
(n)
i and
the oeient c(n)n for several n values and ω = 1 an be found on the web site http://www-
hep.olorado.edu/~anna/Polynomials/. The oeients on the web site orrespond to λ = 1
and have to be resaled if a dierent λ is required.
In staggered fermion simulations we need to approximate (M †M)−1/2 in the interval (0, λ)
that overs the eigenvalue spetrum of the matrix M †M . For free staggered fermions the
maximum eigenvalue is λ = 16. In simulations we used λ = 18 to over the oasional
λ > 16 eigenvalues that arise due to utuations.
In evaluating ξ or ∆S we need to multiply lattie vetors by q
(n)
−1/2 or q
†(n)
−1/2. Eah suh
operation involves n/2 multipliations by M †M . A typial example is
Φ = q
(n)
−1/2(M
†M)ϕ =
√
c
(n)
n
n/2∏
i=1
(M †M − r
(n)
i )ϕ (17)
where ϕ is an arbitrary soure vetor and Φ is the resulting vetor of the operation. To
redue numerial round-o errors it is important to order the terms in the produt suh
that the norms of the intermediate lattie vetors do not utuate too muh [8℄. One suh
ordering is also given on the above web site. It is also helpful to fator out the sale λ and
rewrite eq. (17) as
Φ =
n/2∏
i′=1
[(d(n)λ)(
M †M
λ
−
r
(n)
i′
λ
)]ϕ
where i′ denotes some hosen sequene of the original index i and d(n) = (c(n)n )
1/n
. This way
the multipliation with q
(n)
−1/2 an be performed without exessive round-o errors even with
n = 256.
To simplify the notation in the following we will not write out the argument M †M or
M ′†M ′ in the polynomials but use the notation q−1/2 ≡ q−1/2(M
†M), q′−1/2 ≡ q−1/2(M
′†M ′),
et.
By using a nite order polynomial approximation of q−1/2 we introdue systematial
errors. One an redue these errors both by inreasing the order of the approximating
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polynomial and by improving the operator used in evaluating ∆S in eq. (16). To see the
latter let us denote the ation dierene evaluated aording to eq. (16) using an nth order
polynomial by ∆S
(n)
and use the notation ∆(n) = P
(n)
−1/2 − P−1/2. Now we an write the
ation dierene as
∆S
(n)
= ∆S + ξ†
[
∆′(n)M ′†M ′ −∆(n)M †M
]
ξ . (18)
Sine ∆S is small (otherwise the proposed hange is not aepted), M ′†M ′−M †M will also
be small. That implies that the orretion to ∆S is small if ∆(n) is small. But we an do
even better by onsidering the quantity
∆˜S
(n)
= ξ†
[(
P
′(n)
−1/2
)3 (
M ′†M ′
)2
−
(
P
(n)
−1/2
)3 (
M †M
)2]
ξ
= ∆S + 3ξ†
[
∆′(n)M ′†M ′ −∆(n)M †M
]
ξ +O(∆(n)2) .
The ombination
∆S(n) =
1
2
(3∆S
(n)
− ∆˜S
(n)
) = ∆S +O(∆(n)2)
has only O(∆(n)2) errors. A similar improvement is possible for the vetor ξ but it is too
umbersome and we have deided to use a higher order polynomial with the simple form of
eq. (15) instead.
IV. SUMMARY OF THE NF = 2 FLAVOR UPDATING
In this setion we summarize the aept-rejet step of our algorithm that follows the
sequene of over relaxation or heat bath updates of the gauge links. The over relaxation
and heat bath steps an be performed the same way for two avors as for four avors and
the details are disussed in Ref. [2℄.
One the thin links are updated and the smeared V ′ links are alulated the proposed
hange is aepted with a probability given by eq. (7). The aeptane probability is
evaluated using a stohasti estimator and in Ref. [9℄ we showed that the aeptane rate
an be inreased signiantly if the most ultraviolet part of the fermion determinant is
removed. We dene a redued fermion matrix as
M(V ) = Mr(V )A(V ) with (19)
A(V ) = exp
[
α4D
4(V ) + α2D
2(V )
]
, (20)
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where D is the kineti part of the fermion matrix and the parameters α4 and α2 are arbitrary
but real. This way we ahieve that an eetive gauge ation
Seff(V ) = −
nf
2
α4Re tr[D
4(V )]−
nf
2
α2Re tr[D
2(V )] (21)
is removed from the determinant. The ation dierene now has two parts
∆S = Seff(V )− Seff(V
′) + SFr(V )− SFr(V
′
), (22)
where SFr is the fermioni ation alulated with the redued fermioni matrix. For two
avors using an nth order polynomial approximation the redued fermioni ation for the
original smeared elds is alulated as
SFr(V ) = Φ
†
X (23)
with
Φ = A−1/2(V ) q
(n)
−1/2(M
†(V )M(V )) ξ ,
X =M †(V )M(V ) ξ ,
or with an improved operator as
SFr(V ) =
1
2
(3Φ
†
X − X˜†X˜) (24)
with
X˜ = P
(n)
−1/2(M
†(V )M(V ))X .
Here the vetor ξ is generated as
ξ = A(V ′)1/2 q
(m)†
−1/2(M
†(V ′)M(V ′))R, (25)
where R is a Gaussian random vetor. Note that in omputing the vetor ξ we use a
polynomial of order m that an be dierent from the order n used in omputing the vetors
Φ, X, X˜ . For ompleteness in eqs. (23-25) we again stated the argument of the funtion
q
(n)
−1/2. In deriving these formulas we used the fat that the matries A and M
†
rMr are
funtions of the matrixM †M and ommute. The vetors ξ, Φ, X, X˜ are dened on the even
sites of the lattie only. The redued fermioni ation SFr(V
′) for the updated smeared elds
is alulated similarly and the proposed update is aepted or rejeted with the probability
eq. (7). The parameters α2 and α4 in eq. (20) an be optimized to maximize the aeptane
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rate. We keep the same hoie α2 = −0.18 and α4 = −0.006 as in [9℄. It is worth emphasizing
that this algorithm works with smeared links only. Smearing removes most of the ultraviolet
utuations and the aeptane probability of the heat bath and over relaxed algorithms is
large enough to make the algorithm eient.
V. THE PERFORMANCE OF THE ALGORITHM
We have tested the above algorithm on 83 × 4 latties around the ritial point of the
Nt = 4 phase transition with quark masses amq = 0.01 and amq = 0.04. We found that the
two avor simulation is onsiderably more eient than the four avor simulation. One an
update many more links (about twie as many) in the over relaxation and heat bath steps
without dereasing the aeptane rate. The eetiveness of the algorithm did not hange
as we lowered the quark mass.
To test the auray of the polynomial approximation we alulated the fermioni ation
eq. (23) and its improved version eq. (24) using the same ξ vetor and ompared the results
obtained with n = 32, 64, 128 and 256 order polynomials. Using the improved form eq. (24)
we found very little dierene between the polynomials, even n = 32 predits the ation
dierene to an auray of 0.01 and the aeptane probability to an auray of better
than 10−3 on 834 latties. The simpler form of eq. (23) gives similar results with n = 64 or
higher order polynomials. On larger latties higher order polynomials might be neessary.
On an 83×24, β = 5.3, amq = 0.04 lattie that has a lattie spaing a ≈ 0.23fm and physial
volume over to 30fm
4
we found it neessary to use 64th order polynomials even with the
improved form.
To hek the auray of the ξ vetor we performed two long runs using m = 64 and
m = 128 order polynomials in eq. (25) at a oupling deep in the onning region on Nt = 4
latties (β = 5.0, am = 0.01). We found no dierene between the two runs within statistial
auray.
VI. FINITE TEMPERATURE SIMULATIONS
We tested the algorithm presented in this artile by studying the nite temperature phase
diagram of two-avor QCD. Our rst results were obtained on 83× 4 latties for two values
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Figure 1: On the left, the hiral ondensate < ψ¯ψ > divided by the bare quark mass is shown as
a funtion of β. The results are from simulations on 83 × 4 latties at two quark mass values. On
the right, Σ, the ondensate extrapolated to zero quark mass aording to eq. (27) is plotted.
of the bare quark mass, amq = 0.04 and amq = 0.01. We onsider the hiral ondensate
ψψ =
1
N3sNt
trM−1(V ) , (26)
where Ns is the spatial lattie size. The hiral ondensate divided by the bare quark mass
is shown in the left plot of Fig. 1. The two mass values agree for β > 5.2 but deviate at
smaller ouplings. At small quark masses one expets that the hiral ondensate depends
linearly on the quark mass 〈
ψψ
〉
amq
=
Σ
amq
+ c (27)
where Σ is the value of the ondensate extrapolated to zero quark mass. Suh an extrap-
olation is meaningful only if all extrapolated points and amq = 0 are in the same phase.
In that ase Σ is zero in the hirally symmetri phase and nite, positive in the hirally
broken one. In the right plot of gure 1 we show Σ from our data. Sine we have done
simulations with only two quark mass values we have no ontrol over the quality of the
extrapolation nor an we be ertain that our data points are in the same phase as amq = 0.
The plot nevertheless suggests that for β > 5.2 we are in the hirally symmetri phase while
for β < 5.2 at least one of the mass values are in the hirally broken phase. A more areful
analysis with several quark mass values must be done to resolve the phase diagram as has
11
been proposed in Ref. [2℄. Nevertheless even with this exploratory study it is evident that
the two and four avor systems are very dierent. Further work to determine the phase
diagram and the orresponding sale of the two avor system is under way.
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